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• Ductile fracture is a limiting 
failure mechanism in the 
design of metallic structures

• Linear-elastic fracture 
mechanics proved inadequate 
for assessing the safety of 
mild-steel pressure vessels in 
nuclear power plants, which 
spurred the development of 
elastic-plastic fracture 
mechanics (with focus on 
Rice’s J-integral formalism)

Reactor Pressure Vessel (RPV) 
from Greifswald Nuclear Power Plant
(courtesy Viehrig, H.W. and Houska, M.,
Helmholtz Zentrum, Dresden-Rossendorf,
https://www.hzdr.de/db/Cms?pNid=2698)

Ductile fracture of metals

https://www.hzdr.de/db/Cms?pNid=2698
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Ductile fracture of metals

SA333 steel, T=300K, dε/dt=3×10-3s-1

(S.V. Kamata, M. Srinivasa and P.R. Rao,
Mater. Sci. Engr. A, 528 (2011) 4141.)

A508 steel 

Tanguy, B., Besson, J., Piques, R. & Pineau, A.,  
Eng. Frac. Mechanics, 72 (2005) 49.

• Ductile fracture in metals 
occurs by void nucleation, 
growth and coalescence

• Fractography of ductile 
fracture surfaces exhibits 
profuse dimpling, a vestige 
of microvoids

• Ductile fracture entails large 
amounts of macrosocpic
plastic deformation and 
dissipation above TDB 
transition temperature

• Ductile fracture is a 
quintessential multiscale 
phenomenon!
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Ductile fracture – Micromechanical basis

Ti

Eleiche & Campbell (1974)

(plane-strain)
specific fracture energy

from J-testing (ASTM E813)
dimensional analysis!

Plastic strength, material testing 
ultimate strength 𝜎𝜎0 = 𝐾𝐾/(𝑛𝑛 + 1)

Extrinsic characteristic length ℓ,
e.g., distance between second-
phase particles (nucleation sites)

J.R. Rice and M.A. Johnson, "The role of large crack tip geometry 
changes in plane strain fracture", in Inelastic Behavior of Solids, M.F. 

Kanninen, et al. eds., McGrawHill, 1970 .
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Ductile fracture – Micromechanical basis

Ti

Eleiche & Campbell (1974)

(plane-strain)
specific fracture energy

from J-testing (ASTM E813)
dimensional analysis!

Plastic strength, material testing 
ultimate strength 𝜎𝜎0 = 𝐾𝐾/(𝑛𝑛 + 1)

Intrinsic characteristic length ℓ,
empirical material constant

N. A. Fleck, G.M. Muller, M.F. Ashby I and J.W. Hutchinson, 
“Strain-gradient plasticity: Theory and experiment”, 

Acta metall, mater., 42(2) (1994) 475. 

N. Fleck et al. (1994)
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• Can ductile fracture be predicted by strain-gradient plasticity?
• Model problem: Uniaxial extension of infinite slab

• Method of analysis: 
– Deformation theory of plasticity, finite kinematics, Lagrangian
– Incompressible, rate-independent, rigid-plastic solid
– Micro-macro handshake: Variational optimal scaling

• Goal: Derive matching upper and lower bounds for Jc

void
sheet

From SGP to ductile fracture

R. V. Kohn and S. Müller,  Phil. Mag. A, 66(5)  (1992) 697-715.
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Local deformation theory

Ti

Eleiche & Campbell (1974)

Armand Considère, Annales des Ponts et Chaussées, 9 (1885) 574-775.

Necking of bars
Rittel et al. (2014)

`
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Local deformation theory

localization of 
deformations

void sheet

W.M. Garrison Jr. and N.R. Moody, “Ductile fracture”,
J. Phys. Chem. Solids, 48(II) (1987) 103.
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Growth in  linear, and  

(characteristic length!)

Dislocation walls 
in copper (fence)

J.W. Steeds 
(1966)

Strain-gradient deformation theory

N. Fleck et al. (1994)

local
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Ductile fracture: Optimal scaling

L. Fokoua, S. Conti & MO, ARMA, 212 (2014) 331–357.
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Upper bound: Sketch of proof

void

void
sheet

Heller, A., How Metals Fail, 
Science & Technology Review 
Magazine, LLNL, pp. 13-20, 

July/August, 2002 

void 
sheet
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Lower bound: Heuristics
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From SGP to ductile fracture

void
sheet
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Upscaling: Effective cohesive law

nucleation
stress

(decohesion of 
second phase 

particles) 

Mg

Y

cleavage fracture
of ligaments

cleavage 
strength

L. Fokoua, S. Conti & MO, ARMA, 212 (2014) 331–357.

Optimal scaling: strength 
intrinsic length 

hardening 
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Ni specimen
D = 50 mm, t = 4.95 mm

back-
surface
loading
profile

Spall fracture – Multiscale analysis

• J2 plasticity, 
power-law 
hardening

• h= 0.49 mm, 
191,960 tets, 
456,262 nodes

Fracture Bulk

effective
cohesive

law

cohesive
elements

A. Pandolfi & MO (unpublished) 
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Spall fracture – Multiscale analysis

A. Pandolfi & MO (unpublished) 
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Spall fracture – Multiscale analysis
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Spall fracture – Multiscale analysis

back-surface
velocimetry record,

pullback signal

• Ni specimen, D = 50 mm, t = 4.95 mm
• J2 plasticity, power-law hardening
• h= 0.49 mm, 191,960 tets, 456,262 nodes

A. Pandolfi & MO (unpublished) 
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Ductile vs. brittle fracture

Beltz, G., Rice, J.R., Shih, C.F. & Xia, L., 
Acta Mater., 44(10) (1996) 3943-3954.

FEM 𝐷𝐷~1/√𝜌𝜌

(F)SGP:

𝐽𝐽 𝑐𝑐
/𝛾𝛾

𝛾𝛾/𝛾𝛾𝑐𝑐

• 𝐽𝐽𝑐𝑐 rises sharply above 𝛾𝛾, 
provided 𝛾𝛾 >  𝛾𝛾𝑐𝑐 (threshold)

• 𝛾𝛾 has gating effect on 𝐽𝐽𝑐𝑐
• (F)SGP + work hardening 

exponents < 1, explain 
ductile fracture, scaling

Ariza, M.P,  Conti, S. & Ortiz, M., 
Eur J Mech A Solids (submitted).
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Ductile vs. brittle fracture

Ariza, M.P,  Conti, S. & Ortiz, M.,  Eur J Mech A Solids (submitted).
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Concluding remarks

multiscale
handshake!

optimal
scaling

• Strain-gradient plasticity predicts 
ductile fracture as the result of a 
competition between geometrical 
softening and strain-gradients.

• Optimal scaling provides an ef- 
fective analytical tool for charac- 
terizing effective behavior at the 
macroscale (upscaling)

• Average normal stress vs opening 
displacement are found to obey a 
power-law cohesive law

• Exponents depend solely on the growth properties of the strain-
gradient model, other details get ‘buried’ into constant factors

• Effective cohesive law represents microscale deformations (e.g., 
void sheets) in an effective sense, can be embedded into stan- 
dard macroscale FE calculations, e.g., as cohesive elements, in a 
mesh-size insensitive way
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Concluding remarks

Thank you!
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1Mu, Y., Zhang, X., Hutchinson, J.W., Meng, W.J., 2016.  MRS 
Commun. Res. Lett. 20, 1–6.

Shear flow stress as a function of thickness for Cu layers1. 
SGP model prediction shown as dashed line. 

Insert shows SEM image of experimental setup.

SGP

Mu, Y., Zhang, X., 
Hutchinson, J.W., Meng, W.J., 

2017. J. Mater. Res. 
32 (8), 1421–1431.

𝜎𝜎 = 0.2!
FSGP

Fractional strain-gradient plasticity 
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Optimal scaling – FE verification

• Nonlocal energy:

S. Heyden, S. Conti and M. Ortiz, 
Mechanics of Materials, 90 (2015) 131-139.
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